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Abstract
We investigate a quantum system possessing a parasupersymmetry of order 2,
an orthosupersymmetry of order p, a fractional supersymmetry of order p + 1, and
topological symmetries of type (1, p) and (1, 1,    , 1). We obtain the correspond-
ing symmetry generators, explore their relationship, and show that they may be
expressed in terms of the creation and annihilation operators for an ordinary bo-
son and orthofermions of order p. We give a realization of parafermions of order 2
using orthofermions of arbitrary order p, discuss a p = 2 parasupersymmetry be-
tween p = 2 parafermions and parabosons of arbitrary order, and show that every
orthosupersymmetric system possesses topological symmetries. We also reveal a
correspondence between the orthosupersymmetry of order p and the fractional su-
persymmetry of order p + 1.
1 Introduction
During the past two decades supersymmetry has been widely used in a number of problems
in quantum mechanics [2, 3, 4]. This has been one of the main reasons for the development
and the study of various generalizations of supersymmetric quantum mechanics (SQM).




quantum mechanics (PSQM) [5, 6, 7, 8, 9], the fractional supersymmetric quantum Me-
chanics (FSQM) [10, 11, 12], and the orthosupersymmetric quantum mechanics (OSQM)
[13]. Recently, we have introduced a class of generalizations of SQM that unlike the above
mentioned generalizations
share the topological properties of supersymmetry in the sense that these symmetries
involve a set of integer-valued topological invariants. We have termed these symmetries
Topological Symmetries. In Refs. [14, 15], we develop the concept of a topological sym-
metry (TS), obtain the underlying operator algebra, and show that the algebras of SQM,
PSQM of order 2, and FSQM of arbitrary order are special cases of the algebras of dier-
ent types of TSs. An important dierence between our approach to TSs and the standard
approach to SQM and PSQM is that we do not dene TS as a generalization of the sym-
metries of an oscillator consisting of two degrees of freedom with specic statistics. The
purpose of the present article is to seek for such a statistical interpretation of TS.
It is well-known that algebras of SQM [16, 2], PSQM [5, 8, 9], and OSQM [13] have been
originally obtained as symmetries of an oscillator consisting of a bosonic degree of freedom
and a fermionic, a parafermionic, or an orthofermionic degree of freedom, respectively.
Other realizations of SQM in a pure parafermionic system, a pure parabosonic system,
and a parafermi-parabose oscillator have also been discussed in the literature [17, 18, 19].
Moreover, a k-fermionic realization of PSQM is oered in Ref. [20].
The algebra of FSQM has been originally obtained as a simple but rather ad hoc
generalization of the algebra of SQM that was mainly influenced by the ideas of q-deformed
bosons [10, 11, 12]. A somewhat concrete justication for the basic algebraic relations
used in FSQM is given in Ref. [21]. The idea of nding a realization of FSQM using an
oscillator consisting of a boson and another particle has been pursued in Refs. [12, 22].
In this paper we consider a quantum mechanical system whose Hamiltonian has a
parasupersymmetry of order 2, a fractional supersymmetry of order p+1, an orthosuper-
symmetry of order p, and TSs of type (1; p) and (1; 1;    ; 1). We show that the generators
of these symmetries have a statistical interpretation in terms of bosons and orthofermions.
The organization of the paper is as follows. In Section 2, we review topological sym-
2
metries. In Section 3, we survey the algebras of PSQM, OSQM, and FSQM. In Section
4, we use a concrete system to investigate the statistical origin of these symmetries and
their relationship. In Section 5, we show that every OSQM system possesses TSs of type
(1; p) and (1; 1;    ; 1), and construct the generators of TSs in terms of the generators
of OSQM. In Section 6, we give a summary of our results and present our concluding
remarks.
2 Topological Symmetries
A topological symmetry is a generalization of supersymmetry in the sense that it allows
for the introduction of certain topological invariants. These are the analogues of the
Witten index of SQM [1]. Here we give the denition and the operator algebra of the
topological symmetries. For more details we refer the reader to Ref. [15].
A quantum system is said to possess a ZZn-graded (uniform) topological symmetry
(UTS) of type (m1; m2;    ; mn) i the following conditions are satised.
1. The quantum system is ZZn-graded. This means that the Hilbert space H of the
quantum system is the direct sum of n of its (nontrivial) subspaces H‘, and its
Hamiltonian has a complete set of eigenvectors with denite color or grading. (A
state is said to have a denite color c‘ i it belongs to H‘);
2. The energy spectrum is nonnegative;
3. Every positive energy eigenvalue E is m-fold degenerate, and the corresponding
eigenspaces are spanned by m1 vectors of color c1, m2 vectors of color c2,   , and
mn vectors of color cn.




j −mjn(0)i ; (1)
where i; j = 1;    ; n and n(0)‘ denotes the number of zero-energy states of color c‘, [15].
Note that the TS of type (1; 1) coincides with supersymmetry and 11 yields the Witten
index.
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As shown in Ref. [15], one can obtain the underlying operator algebra of TSs. For a
(ZZ2-graded) UTS of type (1; p) one nds the algebra
[H;Q] = 0 ; (2)
fQ2;Qyg+QQyQ = 2HQ ; (3)
Q3 = 0 ; (4)
[H;  ] = f;Qg = 0 ; (5)
 2 = 1 ;  y =  ; (6)
where H is the Hamiltonian of the system, Q is the generator of UTS, and  is the grading








Q31 = Q1H and Q
3
2 = Q2H : (8)
The algebra of (ZZn-graded) UTS of type (1; 1;    ; 1︸ ︷︷ ︸
n times
) is given by
Qn = K ; (9)
Qn1 + Mn−2Q
n−2






2 +    = (
1p
2
)n(in + (−i)n)K ; (11)
[;Q]q = 0 : (12)
where Mis and K are Hermitian operators commuting with all other operators, and  is
the grading operator satisfying
n = 1 ; (13)
 y = −1 ; (14)
[H;  ] = 0 : (15)
Here [:; :]q stands for q-commutation dened by [O1; O2]q := O1O2−qO2O1, and q := e2i=n.
One should note that this is not the most general form of the algebra of UTS of type
(1; 1;    ; 1), but this form suces for the purposes of this article.
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3 Para, Ortho and Fractional Supersymmetry
In this section we survey the algebras of quantum systems with parasupersymmetry of
order 2, orthosupersymmetry of order p, and fractional supersymmetry of order n.
3.1 Algebra of the PSQM of order 2
A p = 2 PSQM system is dened by the following algebra [5].
[H;P] = 0 ; (16)
fP2;Pyg+ PPyP = 4HP ; (17)
P3 = 0 : (18)
Here P is the generator of the parasupersymmetry. Comparing Eqs. (16) { (18) with
Eqs. (2) { (4), we see that the algebra of p = 2 PSQM and UTS of type (1; p) are
identical. This does not, however, imply that any p = 2 parasupersymmetric system
possesses a UTS of type (1; p). The key observation is that the dening properties of UTS
of type (1; p) lead to the algebra (16) { (18), but this algebra does not imply the dening
degeneracy structure of the UTS of type (1; p).1
3.2 Algebra of the OSQM of order p
The algebra of an OSQM of order p is given by




QyγQγ = 2H ; (20)
QQ = 0 ; (21)
where Q, with  = 1; 2;    ; p, are the generators of the orthosupersymmetry [13].
3.3 Algebra of the FSQM of order n
FSQM of order n is dened by the relation
Fn = H ; (22)
1The set of p = 2 parasupersymmetric systems which do satisfy the defining conditions of UTS of
type (1, p) form a proper subset of all the p = 2 parasupersymmetric systems, [23].
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where F is the generator of fractional supersymmetry [10, 11]. Note that F need not be
Hermitian. Furthermore, as suggested by the algebra (9) { (12) of the ZZn-graded UTS
of type (1; 1;    ; 1), any system having a ZZn-graded UTS of type (1; 1;    ; 1) also has a
fractional supersymmetry of order n [15].
4 Statistical Origin of TS in a Simple Toy Model
Consider a quantum system with the Hamiltonian




where a is the annihilation operator for a bosonic degree of freedom satisfying
[a; ay] = 1 ; (24)







cyγcγ =  ; (25)
cc = 0 : (26)
A simple representation of c is given by the (p + 1) (p + 1) matrices
[c]ij = i;1j;+1 ; i; j = 1;    ; p + 1 : (27)
In this representation, the Hamiltonian of the system reads
H = diag(aya; aay;    ; aay︸ ︷︷ ︸
p times
) ; (28)
where ‘diag(  )’ stands for ‘diagonal matrix with diagonal elements   ’.
It is easy to check that the Hamiltonian (23) and the operator
Q =
p
2ayc ;  = 1;    ; p (29)
satisfy the algebra (19) { (21) of OSQM.2
2Note that we postulate relative bosonic statistics between bosons and orthofermions, i.e., [a, cα] = 0
for all α.
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where (γ1;   γp) is an arbitrary permutation of (1;    ; p) and r is an integer between 1
and p − 1. It turns out that the Hamiltonian (23) and the operator P full the algebra
(16) { (18) of p = 2 PSQM. Clearly, P is determined by the choice of the permutation
(γ1;    γp). Therefore this system has many parasupersymmetries of order 2.
In the next section, we shall prove that in general every orthosupersymmetric quan-
tum mechanical system possesses a p = 2 parasupersymmetry. Parasupersymmetry was
originally introduced as a symmetry of a bosonic-parafermionic oscillator [5]. However,
there are also other statistical interpretations for PSQM. An example is a realization of
the parasupersymmetry algebra using k-fermions [20]. Another example is a parabose-







where ~a is the annihilation operator of a paraboson of arbitrary order p = 1; 2;    satis-
fying
[~a2; ~ay] = 2~a ; (32)
and b is the annihilation operator of a parafermion of order 2 satisfying
b3 = 0 ; (33)
byb2 + b2by = bbyb = 2b : (34)
The Hamiltonian (31) and the operator
P = ~aby ; (35)
full the algebra of PSQM of order 2, namely Eqs. (16) { (18).3
It is well-known that one can construct parafermionic and parabosonic operators using
the Green’s ansatz [24]. The above relationship between p = 2 parasupersymmetry and
3Here we postulate relative bosonic statistics between parafermions and parabosons, i.e., [a¯, b] =
[a¯, b†] = 0.
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jjj2 = 2 : (37)







for 1  i  r√
2
p−r for r + 1  i  p:
(38)
It is not dicult to show that b as given by Eq. (36) satises the algebra of p = 2
parafermions, namely Eqs. (33) and (34).
Furthermore, we can also check that the Hamiltonian (23) with the operator Q =
P=p2 satisfy both the algebra (2) { (5) and the dening conditions for the UTS of type
(1; p). The corresponding grading operator is given by








Next, we note that the Hamiltonian (31) has a fractional supersymmetry of order p+1
generated by
F = acy1 + cy2c1 +   + cypcp−1 + aycp : (41)
Finally, this Hamiltonian has, in addition, a ZZp+1-graded UTS of type (1; 1;    ; 1) with
the same generator as F and the grading operator




the operator K of Eq. (9) is identied with the Hamiltonian H , the operators Mi of



























5 Relation between General OSQM and TSs
In this section we show that orthosupersymmetric systems always possess TSs of type
(1; p) and (1; 1;    ; 1).













where (γ1;    ; γp) is a permutation of (1;    ; p). Then, it can be easily checked that Q is
a generator for a TS of type (1; p).4 The ZZ2-grading of the Hilbert space is established


















where we have used the fact that Q1Qy1 =    = QpQyp.
Next, we use the generators of the orthosupersymmetry Qγ to construct a generator
for the TS of type (1; 1;    ; 1) for this system, namely
Q = Qy1 +Qy2Q1 +   +QypQp−1 +Qp: (47)










QyQ(q − 1) (48)
satisfy the algebra (9) { (15) of the ZZp+1-graded TS of type (1; 1;    ; 1). The operators
K and Mn−2k appearing in this algebra are given by
K = (2H)p ; (49)
Mn−2k = (−2)kH2k−1
[(









In particular, K may be viewed as the Hamiltonian of a fractional supersymmetric system.
Therefore, to every orthosupersymmetric system of order p, there corresponds a fractional
supersymmetric system of order p + 1.
4This is actually to be expected for the system has the required degeneracy structure [13].
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6 Concluding Remarks
In this article, we have explored the statistical origins of certain topological symme-
tries. We have obtained an interpretation of topological symmetries of type (1; p) and
(1; 1;    ; 1) in terms of certain symmetries between bosons and orthofermions. We have
given a realization of p = 2 parafermions in terms of orthofermions of arbitrary order, and
revealed a novel relationship between fractional supersymmetry and orthosupersymmetry.
We have also shown that every orthosupersymmetric system has topological symmetries
of type (1; p) and (1; 1;    ; 1). Our results have potential application in the construction
of quantum systems possessing topological symmetries and having a topologically non-
trivial conguration space. The study of these systems is of particular importance for a
better understanding of the mathematical meaning of the topological invariants ij .
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